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DIAGONALS OF SEPARATELY CONTINUOUS FUNCTIONS AND THEIR ANALOGS
OLENA KARLOVA, VOLODYMYR MYKHAYLYUK, AND OLEKSANDR SOBCHUK
Abstract. We prove that for a topological space X, an equiconnected space Z and a Baire-one mapping
g : X → Z there exists a separately continuous mapping f : X2 → Z with the diagonal g, i.e. g(x) = f(x, x)
for every x ∈ X. Under a mild assumptions on X and Z we obtain that diagonals of separately continuous
mappings f : X2 → Z are exactly Baire-one functions, and diagonals of mappings f : X2 → Z which are
continuous on the first variable and Lipschitz (differentiable) on the second one, are exactly the functions of
stable first Baire class.
1. Introduction
Let f : X2 → Y be a mapping. We call a mapping g : X → Y , g(x) = f(x, x), the diagonal of f .
Investigations of diagonals of separately continuous functions f : X2 → R started in the classical work of
R. Baire [1], who showed that diagonals of separately continuous functions of two real variables are exactly
Baire-one functions, i.e. pointwise limits of continuous functions. His result was generalized by A. Lebesgue
and H. Hahn for real-valued functions of n real variables (see [9, 10, 6]).
Since the second half the XX-th century, Baire classification of separately continuous mappings and their
analogs was intensively studied by many mathematicians (see [13, 15, 16, 12, 2, 5]). Let us observe that
W. Rudin [15] was the first who applied partitions of unity to classify separately continuous functions defined
on the product of a metrizable space and a topological space and with values in locally convex spaces. Later this
method has been developed and now a partition of unity is a familiar tool for Baire classification of separately
continuous functions.
A problem on construction of separately continuous functions of n variables with the given diagonal of (n−1)-
th Baire class was solved in [11]. In [14] it was shown that for any topological space X and a function g : X → R
of (n− 1)-th Baire class there exist a separately continuous function f : Xn → R with the diagonal g.
Also naturally appear problems on diagonals of CL- and CD-mappings, i.e. diagonals of mappings f : X2 →
Y which are continuous with respect to the first variable and Lipschitz or differentiable with respect to the
second variable.
In the given paper we generalize the result from [14] which concerns a construction of separately continuous
mappings f : X2 → Z with a given diagonal of the first Baire class to the case of an equiconnected space Z.
We also describe diagonals of CL- and CD-mappings for wide classes of spaces X and Z.
2. Preliminaries
By P (X,Y ) we will denote the collection of all mappings f : X → Y with a property P . In particular, by
C(X,Y ) we denote the collection of all continuous mappings between topological spaces X and Y .
For a mapping f : X × Y → Z and a point (x, y) ∈ X × Y we write
fx(y) = fy(x) = f(x, y).
Let P and Q be some properties of mappings. We will use the symbol PQ(X×Y, Z) to denote the collection
of all mappings f : X × Y → Z which have a property P with respect to the first variable and a property
Q with respect to the second one, i.e. {y ∈ Y : fy ∈ P (X,Z)} = Y and {x ∈ X : f
x ∈ Q(Y, Z)} = X . If
f ∈ PP (X × Y, Z), then f is called a mapping which separately has a property P . So, for topological spaces X ,
Y and Z mappings from the class CC(X × Y, Z) are said to be separately continuous.
Recall that a mapping f between topological spaces X and Y is called a mapping of the first Baire class or
a Baire-one mapping if there exists a sequence (fn)
∞
n=1 of continuous mappings fn : X → Y which is pointwise
convergent to f , i.e. lim
n→∞
fn(x) = f(x) for every x ∈ X . The collection of all Baire-one mappings f : X → Y
is denoted by B1(X,Y ).
An equiconnected space is a pair (X,λ), consisting of a topological space X and a continuous function
λ : X ×X × [0, 1]→ X such that
(i) λ(x, y, 0) = x;
(ii) λ(x, y, 1) = y;
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(iii) λ(x, x, t) = x
for all x, y ∈ X and t ∈ [0, 1].
The simplest example of an equiconnected space is a convex subset of a topological vector space with λ defined
by λ(x, y, t) = (1− t)x + ty.
For a metric space X by | · − · |X we denote the metric on this space.
3. A method of constructing of separately continuous mappings
In the following theorem we describe a method of a construction of separately continuous mappings with a
given diagonal.
Theorem 3.1. Let X be a topological space, (Z, λ) a metric equiconnected space, let (Gn)
∞
n=0 and (Fn)
∞
n=0 be
sequences of open sets Gn and closed sets Fn in X
2, (ϕn : X
2 → [0, 1])∞n=1 be a sequence of separately continuous
functions, (gn : X → Z)∞n=1 be a sequence of continuous functions pointwise convergent to a function g : X → Z,
and (δn : X → (0,+∞))∞n=1 be a sequence of positive functions pointwise convergent to zero such that:
(1) G0 = F0 = X
2 and ∆ = {(x, x) : x ∈ X} ⊆ Gn+1 ⊆ Fn ⊆ Gn for every n ∈ N;
(2) X2 \Gn ⊆ ϕ−1n (0) and Fn ⊆ ϕ
−1
n (1) for every n ∈ N;
(3) |gn(x) − gn(y)|Z ≤ δn(y) and |gn+1(x) − gn+1(y)|Z ≤ δn(y) for every n ∈ N and (x, y) ∈ Gn.
Then the mapping f : X2 → Z,
(3.1) f(x, y) =


λ(gn(x), gn+1(x), ϕn(x, y)), (x, y) ∈ Fn−1 \ Fn
g(x), (x, y) ∈ E =
∞⋂
n=1
Gn.
is separately continuous.
Proof. We fix n ∈ N and show that
(3.2) f(x, y) = λ(λ(gn(x), gn+1(x), ϕn(x, y)), gn+2(x), ϕn+1(x, y))
for all (x, y) ∈ Fn−1 \ Fn+1.
Let (x, y) ∈ Fn−1 \ Fn. Since Gn+1 ⊆ Fn, (x, y) 6∈ Gn+1 and (2) imply that ϕn+1(x, y) = 0. Therefore,
λ(λ(gn(x), gn+1(x), ϕn(x, y)), gn+2(x), ϕn+1(x, y)) =
= λ(gn(x), gn+1(x), ϕn(x, y)) = f(x, y).
Now let (x, y) ∈ Fn \ Fn+1. According to (2), ϕn(x, y) = 1 and
λ(λ(gn(x), gn+1(x), ϕn(x, y)), gn+2(x), ϕn+1(x, y)) =
= λ(gn+1(x), gn+2(x), ϕn+1(x, y)) = f(x, y).
Since the mappings λ, gn, gn+1, gn+2 are continuous, ϕn and ϕn+1 are separately continuous, f is continuous
with respect to every variable (separately continuous) at each point of the open set Gn \ Fn+1 for every n ∈ N
as a composition of continuous mappings. Moreover, f is separately continuous at every point of the open set
G0 \ F1 = F0 \ F1. Therefore, f is separately continuous on the open set X
2 \ E =
∞⋃
n=1
(Gn−1 \ Fn).
It remains to check the continuity of f with respect to x and y at the points of E. We first notice that
(x, y) ∈ Gn for any point (x, y) ∈ E, hence, in accordance with (4), |gn(x) − gn(y)|Z ≤ δn(y) for every n ∈ N.
After letting n→∞, we conclude g(y) = g(x).
Fix (x0, y0) ∈ E, ε > 0 and denote z0 = f(x0, y0) = g(x0) = g(y0). Since λ is continuous and λ(z0, z0, α) = z0
for every α ∈ [0, 1], there exists a neighborhoodW = {z ∈ Z : |z−z0|Z < δ} of z0 such that |λ(z1, z2, α)−z0|Z < ε
for any z1, z2 ∈ W and α ∈ [0, 1]. Since lim
n→∞
gn(x0) = lim
n→∞
gn(y0) = z0 and lim
n→∞
δn(y0) = 0, there exists a
number n0 ∈ N such that gn(x0) ∈ W , |gn(y0) − z0|Z <
δ
2 and δn(y0) <
δ
2 for every n ≥ n0. Then we choose
neighborhoods U0 and V0 of the points x0 and y0, respectively, such that A = (U0 × {y0}) ∪ ({x0} × V0) ⊆ Gn0
and show that |f(x, y)− z0|Z < ε for every (x, y) ∈ A.
Let (x, y) ∈ A ∩ E. If y = y0, then f(x, y0) = g(x) = g(y0) = z0, and if x = x0, then f(x, y0) = g(x0) = z0.
Hence, f(x, y) = z0 and |f(x, y)− z0|Z < ε.
Let (x, y0) ∈ A \ E. We choose a number n ∈ N such that (x, y0) ∈ Gn \Gn+1. Since (x, y0) ∈ Gn0 , n ≥ n0.
According to (3.2),
f(x, y0) = λ(gn(x), gn+1(x), ϕn(x, y0)).
Moreover, by (3) and by choosing of n0, |gn(x)−gn(y0)|Z ≤ δn(y0) <
δ
2 and |gn+1(x)−gn+1(y0)|Z ≤ δn(y0) <
δ
2 .
Taking into account that |gn(y0) − z0|Z <
δ
2 and |gn+1(y0) − z0|Z <
δ
2 , we deduce that gn(x), gn+1(x) ∈ W .
Therefore, |f(x, y0)− z0|Z < ε.
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Now let (x0, y) ∈ A \ E, n ≥ n0 and (x0, y) ∈ Gn \ Gn+1. Then f(x0, y) = λ(gn(x0), gn+1(x0), ϕn(x0, y)),
gn(x0), gn+1(x0) ∈ W and |f(x0, y)− z0|Z < ε.
Hence, f is continuous with respect to the variables x and y at the points of the set E and the proof is
complete. 
Recall that a subset A of a topological space X is called a zero (co-zero) set if there exists a continuous
function f : X → [0, 1] such that A = f−1(0) (A = f−1((0, 1])). Zero and co-zero sets are alternatively called
functionally closed and functionally open sets, respectively.
Corollary 3.2. Let X be a topological space, (Z, λ) a metrizable equiconnected space and g ∈ B1(X,Z). Then
there exists a separately continuous mapping f : X2 → Z with the diagonal g.
Proof. Fix any metric | · − · |X on X which generates its topological structure. Choose a sequence (gn)∞n=1 of
continuous mappings gn : X → Z which is pointwise convergent to g. Set G0 = F0 = X2,
Gn = {(x, y) ∈ X
2 : |gk(x) − gk(y)|Z <
1
n
∀ k ≤ n+ 1}
and
Fn = {(x, y) ∈ X
2 : |gk(x) − gk(y)|Z ≤
1
n+ 1
∀ k ≤ n+ 1}.
Let us observe that the sequences (gn)
∞
n=1, (Gn)
∞
n=0 and (Fn)
∞
n=0 satisfy conditions (1) and (3) of Theorem 3.1.
Moreover, all the sets Gn and Fn are co-zero and zero sets, respectively. Then for every n ∈ N there exists a
continuous function ϕn : X
2 → [0, 1] with ϕ−1n (0) = X
2 \Gn and ϕ−1n (1) = Fn. Clearly, the sequence (ϕn)
∞
n=1
satisfies (2). Now Theorem 3.1 implies the existence of a separately continuous mapping f with the diagonal
g. 
The following result gives a characterization of diagonals of separately continuous mappings.
Theorem 3.3. Let X be a topological space, (Z, λ) a metrizable equiconnected space, g : X → Z a mapping
and let, at least one of the following conditions hold:
(1) CC(X ×X,Z) ⊆ B1(X2, Z);
(2) X is a metrically quarter-stratifiable strongly countably-dimensional paracompact space;
(3) X is a metrically quarter-stratifiable space and Z is locally convex;
(4) X is a metrizable space.
Then the following conditions are equivalent:
(i) g ∈ B1(X,Z);
(ii) there exists a separately continuous mapping f : X2 → Z with the diagonal g.
Proof. (1). The implication (i) ⇒ (ii) follows from Corollary 3.2, and the implication (ii) ⇒ (i) follows from
the inclusion CC(X ×X,Z) ⊆ B1(X2, Z).
(2) and (3). In the case when X is a metrically quarter-stratifiable strongly countably-dimensional paracom-
pact space or X is a metrically quarter-stratifiable space and Z is a locally convex equiconnected space (see
definitions in [2]), the inclusion CC(X ×X,Z) ⊆ B1(X2, Z) follows from [2, Corollary 5.2].
(4). Notice that an equiconnected space Z is locally arcwise connected. Therefore, by [8], the inclusion
CC(X ×X,Z) ⊆ B1(X2, Z) holds.

The conditions (1) – (4) of Theorem 3.1 suggest the following question.
Question 3.4. Let X be a quarter-stratifiable space and let Z be a metrizable path-connected space. Does the
inclusion CC(X ×X,Z) ⊆ B1(X
2, Z) hold?
Let us remark that in the previous theorem the Baire classification of diagonals follows from the stronger
inclusion CC ⊆ B1. Hence, naturally the following question appears.
Question 3.5. Let X and Z be topological spaces such that the diagonal of every mapping f ∈ CC(X ×X,Z)
is of the first Baire class. Does the inclusion CC(X ×X,Z) ⊆ B1(X2, Z) hold?
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4. Necessary conditions on diagonals of CL-mappings
Let X and Z be metric spaces. A mapping f : X → Z is called Lipschitz if the Lipschitz constant
Lip(f) = sup
x,y∈X,x 6=y
|f(x)− f(y)|Z
|x− y|X
is finite. We say that f is Lipschitz with a constant C if C ≥ Lip(f). A mapping f : X → Z is Lipschitz on a
set A ⊆ X (with a constant C ≥ 0) if f |A is Lipschitz (with a constant C). The set of all Lipschitz mappings
f : X → Z we denote by L(X,Z).
A mapping f : X → Z is called Lipschitz at a point x ∈ X if the pointwise Lipschitz constant
Lipx(f) = sup
y∈X,y 6=x
|f(x)− f(y)|Z
|x− y|X
is finite. We say that f is pointsise Lipschitz if f is Lipschitz at every point x ∈ X .
Proposition 4.1. Let X be a topological space, Y, Z metric spaces, g : X → Y a continuous mapping, C, δ > 0
and f : X×Y → Z a mapping which is continuous with respect to the first variable and such that for any x ∈ X
and y ∈ Y with |y − g(x)|Y < δ the inequality
|f(x, y)− f(x, g(x))|Z ≤ C|y − g(x)|Y
holds. Then the mapping h : X → Z, h(x) = f(x, g(x)), is continuous.
Proof. Fix x0 ∈ X and ε > 0. Denote y0 = g(x0) and z0 = f(x0, y0) = h(x0). Using the continuity of the
mappings g and fy0 at the point x0 we choose a neighborhood U of x0 such that |g(x)− y0|Y < min{
ε
2C , δ} and
|f(x, y0)− z0|Z <
ε
2 for every x ∈ U . Now for every x ∈ U , using the hypothesis of the proposition, we conclude
that
|h(x) − z0)|Z = |f(x, g(x)) − z0|Z ≤ |f(x, g(x))− f(x, y0)|Z + |f(x, y0)− z0|Z <
< C|g(x) − y0|Y +
ε
2
<
ε
2
+
ε
2
= ε.
Hence, h is continuous at the point x0. 
Let X and Y be topological spaces. A mapping f : X → Y is said to be σ-continuous (see [4]), if there
exists a sequence (An)
∞
n=1 of closed sets An ⊆ X such that all the restrictions f |An are continuous. In [3] such
functions are called piecewise continuous.
The following result for CL-mappings on a product of a Baire and a metric spaces was, in fact, established
in [7, Theorem 2].
Theorem 4.2. Let X be a topological space, Y, Z metric spaces, g : X → Y a continuous mapping and
f : X × Y → Z a mapping which is continuous with respect to the first variable and pointwise Lipschitz with
respect to the second variable at every point of the set E = {(x, g(x)) : x ∈ X}. The the mapping h : X → Z,
h(x) = f(x, g(x)), is σ-continuous.
Proof. For every n ∈ N we denote by An the set of all points x ∈ X such that for every y ∈ Y with |y−g(x)|Y <
1
n
the inequality
|f(x, y)− f(x, g(x))|Z ≤ n|y − g(x)|Y
holds. We show that An ⊆ A2n for every n ∈ N.
To obtain a contradiction, suppose that x0 6∈ A2n. We show that x0 6∈ An. We choose y ∈ Y such that
|y − y0|Y <
1
2n and |f(x0, y) − f(x0, y0)|Z > 2n|y − y0|Y , where y0 = g(x0). The continuity of the mapping
ϕ(x) = |f(x,y)−f(x,y0)|Z|y−g(x)|Y at x0 implies the existence of a neighborhood U1 of x0 such that ϕ(x) > 2n for every
x ∈ U1. Notice that |y−y0|Y > 0. Therefore, the continuity of the mapping ψ(x) = |g(x)−y0|Y −|y−g(x)|Y at x0
and the condition ψ(x0) < 0 imply the existence of a neighborhood U2 of x0 such that |g(x)−y0|Y < |y−g(x)|Y
and |g(x)− y0|Y <
1
2n for every x ∈ U2. We set U0 = U1 ∩ U2 and prove that U0 ∩ An = ∅.
Let x ∈ U0. Since |f(x, y)−f(x, y0)|Z ≤ |f(x, y)−f(x, g(x))|Z+|f(x, g(x))−f(x, y0)|Z , there exists y˜ ∈ {y, y0}
such that |f(x, y˜)−f(x, g(x))|Z ≥
1
2 |f(x, y)−f(x, y0)|Z . Remark that |y−g(x)|Y ≤ |y−y0|Y + |y0−g(x)|Y <
1
n
and |y0 − g(x)|Y <
1
2n <
1
n
. Hence, |y˜ − g(x)|Y <
1
n
and
|f(x, y˜)− f(x, g(x))|Z
|y˜ − g(x)|Y
≥
1
2
|f(x, y)− f(x, y0)|Z
|y − g(x)|Y
=
1
2
ϕ(x) > n.
Therefore, U0 ∩ An = ∅ and An ⊆ A2n.
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For every n ∈ N let Fn = An. Since Fn ⊆ A2n, Proposition 4.1 implies the continuity of h|Fn . It remains to
observe that
∞⋃
n=1
Fn = X . 
Corollary 4.3. Let X,Z be metric spaces and let f : X2 → Z be a mapping which is continuous with respect
to the first variable and pointwise Lipschitz with respect to the second one at every point of the diagonal ∆ =
{(x, x) : x ∈ X}. Then the mapping g : X → Z, g(x) = f(x, x), is σ-continuous.
5. Characterization of diagonals of CL-mappings
We first prove several auxiliary facts.
Lemma 5.1. Let X be a metric space and G an open set in X2 such that ∆ = {(x, x) : x ∈ X} ⊆ G. Then
there exists a continuous function g : X → (0,+∞) such that {(x, y) ∈ X2 : |x− y|X < g(x)} ⊆ G.
Proof. For every point x ∈ X we choose a neighborhood Ux of x in X and a number εx > 0 such that for any
y ∈ Ux the inclusion
{(x′, y′) ∈ X2 : |x′ − y|X < εx, |y
′ − y|X < εx} ⊆ G
holds. Let (Vi : i ∈ I) be a locally finite open cover of X which refines (Ux : x ∈ X), and (ϕi : i ∈ I) a locally
finite partition of unity on X subordinated to (Vi : i ∈ I). For every i ∈ I we choose x ∈ X such that Vi ⊆ Ux
and let δi = εx. It is easy to verify that the function g : X → (0,+∞), g(x) =
∑
i∈I
δiϕi(x), is to be found. 
Lemma 5.2. Let X be a metric space, (Hn)
∞
n=1 a sequence of open in X
2 sets Hn such that ∆ = {(x, x) : x ∈
X} ⊆ Hn for every n ∈ N. Then there exist a sequences (Gn)∞n=1 and (Fn)
∞
n=1 of open sets Gn and closed sets
Fn in X
2 and sequences (ϕn)
∞
n=1 and (δn)
∞
n=1 of separately Lipschitz functions ϕn : X
2 → [0, 1] and positive
functions δn : X → (0,+∞) with the following conditions:
(1) ∆ ⊆ Gn+1 ⊆ Fn ⊆ Gn ⊆ Hn for every n ∈ N;
(2) X2 \Gn ⊆ ϕ−1n (0) and Fn ⊆ ϕ
−1
n (1) for every n ∈ N;
(3) |u− v|X ≥ δn(x) for every x ∈ X, n ∈ N and u, v ∈ X with (x, u) ∈ Gn+1 and (x, v) ∈ X2 \ Fn.
Proof. Using Lemma 5.1 we construct a sequence (gn)
∞
n=1 of continuous functions gn : X → (0,+∞) such that
gn+1(x) <
1
16gn(x) for all n ∈ N and x ∈ X , and Gn = {(x, y) ∈ X
2 : |x − y|X < gn(x)} ⊆ Hn for every
n ∈ N. Clearly, the sequences (Gn)∞n=1 and (Fn)
∞
n=1 of sets Fn = {(x, y) ∈ X
2 : |x − y|X ≤
1
8gn(x)} satisfy
condition (1). Moreover the sequence (δn)
∞
n=1 of function δn(x) =
1
16gn(x) satisfies condition (3).
Denote by | · − · |Z the metric on Z = X2 defined by the formula: |z1 − z2|Z = max{|x1 − x2|X , |y1 − y2|X},
where z1 = (x1, y1) and z2 = (x2, y2). For any n ∈ N and z ∈ Z let α(z) = |z − Fn|Z , β(z) = |z −Z \Gn|Z and
ϕn(z) =
β(z)
α(z)+β(z) . Evidently, all the functions ϕn satisfy (2). It remains to show that all the functions ϕn are
separately Lipschitz.
Fix n ∈ N and x0 ∈ X . Using the continuity of gn at x0, we choose a positive number ε ≤
gn(x0)
8 such
that gn(x) >
7gn(x0)
8 and gn(x) < 2gn(x0) whenever |x − x0|X < ε. Prove that max{α(z), β(z)} ≥ ε for every
z = (x0, y) ∈ Z. Suppose that there exist y ∈ X , z1 = (x1, y1) ∈ Fn and z2 = (x2, y2) ∈ Z \ Gn such that
|z − z1|Z < ε and |z − z2|Z < ε, where z = (x0, y). Since |x0 − x1|X < ε and (x1, y1) ∈ Fn, |x1 − y1|X ≤
1
8gn(x1) <
1
4gn(x0). Analogously, since |x0 − x2|X < ε and (x2, y2) ∈ Z \ Gn, |x2 − y2|X ≥ gn(x2) >
7gn(x0)
8 .
Now
|y2 − y1|X ≥ |y2 − x2|X − |x2 − x0|X − |x0 − x1|X − |x1 − y1|X ≥
3
8
gn(x0).
But
|y2 − y1|X ≤ |y2 − y|X + |y − y1|X ≤
1
4
gn(x0),
a contradiction.
Hence, max{α(z), β(z)} ≥ ε for every (x0, y) ∈ Z. Since the functions α, β and the function ϕ : (0,+∞)2 \
[0, ε]2 → R, ϕ(s, t) = t
s+t , are Lipschitz and ϕn(z) = ϕ(α(z), β(z)) for every z = (x0, y), the function ϕn is
Lipschitz with respect to the first variable.
Similarly one can prove that ϕn is Lipschitz with respect to the second variable. 
We say that f : X → Z is bounded if there exists C ≥ 0 such that |f(x)− f(y)|Z ≤ C for every x, y ∈ X .
Proposition 5.3. Let X and Z be metric spaces, let f : X → Z be a bounded mapping and let A,B ⊆ X
and δ > 0 be such that X = A ∪ B, f is Lipschitz on A and on B and |x − y|X ≥ δ for every x ∈ X \ A and
y ∈ X \B. Then f is Lipschitz.
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Proof. Choose C ≥ 0 such that |f(y) − f(x)|Z ≤ C for every x, y ∈ X . It is easy to see that Lip(f) ≤
max{Lip(f |A),Lip(f |B),
C
δ
}. 
A topological space Z is called an absolute extensor for a topological space X , if for any closed set A ⊆ X
every continuous mapping g : A→ Z can be extended to a continuous mapping f : X → Z.
Let X and Z be topological spaces. A mapping f : X → Z is said to be a mapping of the stable first Baire
class, if there exists a sequence (fn)
∞
n=1 of continuous mappings fn : X → Z which pointwise stably converges
to f , i.e. for every x ∈ X the sequence (fn(x))
∞
n=1 stably converges to f(x). The collection of all mappings
f : X → Z of the stable first Baire class we denote by Bd1 (X,Z).
Theorem 5.4. Let X be a metric space, (Z, λ) a metric equiconnected space, where λ is Lipschitz with respect
to third variable and g ∈ Bd1 (X,Z). Then there exists a mapping f : X
2 → Z with the diagonal g which is
continuous with respect to the first variable and Lipschitz with respect to the second one.
Proof. Let (gn)
∞
n=1 be a sequence of continuous mappings gn : X → Z which pointwise stably converges to g.
Let G0 = F0 = X
2 and
Hn = {(x, y) ∈ X
2 : |gn(x) − gn(y)|Z <
1
n
, |gn+1(x)− gn+1(y)|Z <
1
n
}
for every n ∈ N. By Lemma 5.2 there exist sequences (Gn)∞n=1 and (Fn)
∞
n=1 of open sets Gn and closed sets
Fn in X
2 and sequences (ϕn)
∞
n=1 and (δn)
∞
n=1 of separately Lipschitz functions ϕn : X
2 → [0, 1] and positive
functions δn : X → (0,+∞) which satisfy conditions (1), (2) and (3) of Lemma 5.2. According to Theorem 3.1
the mapping f : X2 → Z defined by (3.1) is separately continuous. Clearly that g the diagonal of f . It remains
to verify that f is Lipschitz with respect to the second variable.
Fix x0 ∈ X and show that the function h = f
x0 : X → Z, h(y) = f(x0, y), is Lipschitz. It follows from (3.2)
that
(5.1) h(y) = λ(gn(x0), gn+1(x0), ϕn(x0, y))
for every n ∈ N and y ∈ An = {y ∈ X : (x0, y) ∈ Fn−1 \Gn+1}. Since for every n ∈ N the set h(An) contained
in the compact set {λ(gn(x0), gn+1(x0), t) : t ∈ [0, 1]}, the mapping h|An is bounded. Using (i), we choose a
number n0 ∈ N such that gn(x0) = g(x0) for all n > n0. Then h(X) =
n0⋃
n=1
h(An) and h is bounded.
Since λ is Lipschitz with respect to the third variable and ϕn is Lipschitz with respect to the second variable,
it follows from (5.1) that h is is Lipschitz on each set An. For every n ∈ N put Bn =
n⋃
k=1
Ak. Note that For
every n ∈ N if u ∈ An+1 \Bn and v ∈ Bn \An+1 then (x0, u) ∈ Gn+1, (x0, v) ∈ X2 \ Fn and |u− v|X ≥ δn(x0)
according to (3) of Lemma 5.2. Now it easy to verify by induction on n that according to Proposition 5.3 h is
Lipschitz on each set Bn. Moreover h(y) = g(x0) for every y ∈ A = {u ∈ X : (x0, u) ∈ Fn0}, in particular, h is
Lipschitz on A. Therefore by Proposition 5.3, h is Lipschitz on X = A ∪Bn0 . 
Theorem 5.5. Let X be a metric space, (Z, λ) a metric equiconnected space, where λ is Lipschitz with respect
to third variable and Z is an absolute extensor for X, and let g : X → Z be a mapping. Then the following
conditions are equivalent:
(i) g ∈ Bd1 (X,Z);
(ii) there exists a mapping f : X2 → Z with the diagonal g which is continuous with respect to the first
variable and Lipschitz with respect to the second one;
(iii) there exists a mapping f : X2 → Z with the diagonal g which is continuous with respect to the first
variable and pointwise Lipschitz with respect to the second variable at every point of the diagonal ∆ = {(x, x) :
x ∈ X}.
Proof. The implication (i)⇒ (ii) follows from Theorem 5.4.
The implication (ii)⇒ (iii) is obvious.
(iii)⇒ (i). By Corollary 4.3, g is σ-continuous. Now according to [3, Theorem 6.3], g ∈ Bd1 (X,Z). 
The following questions concern the essentiality of come conditions in Theorems 5.5.
Question 5.6. Let X be a metric space, (Z, λ) a metric equiconnected space and f : X2 → Z a mapping which
is continuous with respect to the first variable and Lipschitz with respect to the second one. Does the mapping
g : X → Z, g(x) = f(x, x), belong to the first stable Baire class?
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6. Characterization of diagonals of CD-mappings
Let X and Y be normed spaces. A mapping f : X → Y is Fre´chet differentiable at a point x0 ∈ X if there
exists a linear continuous operator T : X → Y such that
lim
t→0
f(x0 + tx)− f(x0)− T (x)
t
= 0.
If f : X → Y is Fre´chet differentiable at every point x ∈ X , then f is called Fre´chet differentiable.
Lemma 6.1. Let X be a normed space with (continuously) Fre´chet differentiable norm, (Hn)
∞
n=1 a sequence of
open in X2 sets Hn such that ∆ = {(x, x) : x ∈ X} ⊆ Hn for every n ∈ N. Then there exist a sequence (Gn)∞n=1
of open in X2 sets Gn and a sequence (ϕn)
∞
n=1 of jointly continuous, Lipschitz and (continuously) differentiable
with respect to the second variable functions ϕn : X
2 → [0, 1] with the following conditions:
(1) ∆ ⊆ Gn+1 ⊆ Gn+1 ⊆ Gn ⊆ Hn for every n ∈ N;
(2) X2 \Gn ⊆ ϕ−1n (0) and Gn+1 ⊆ ϕ
−1
n (1) for every n ∈ N.
Proof. We first using Lemma 5.1 construct a sequence (gn)
∞
n=1 of continuous functions gn : X → (0,+∞) such
that gn+1(x) < gn(x) for all n ∈ N and x ∈ X , and Gn = {(x, y) ∈ X2 : ‖x−y‖ < gn(x)} ⊆ Hn for every n ∈ N,
and choose a continuously differentiable function ψ : R → [0, 1] such that ψ(x) = 1 if x ≤ 0 and ψ(x) = 0 if
x ≥ 1. It remains to observe that ϕn(x, y) = ψ
(
‖x−y‖−gn+1(x)
gn(x)−gn+1(x)
)
for all n ∈ N and x, y ∈ X . 
Theorem 6.2. Let X be a normed space with a (continuously) Fre´chet differentiable norm, Z a normed space
and g : X → Z. Then the following conditions are equivalent:
(i) g ∈ Bd1 (X,Z);
(ii) there exists a mapping f : X2 → Z with the diagonal g which is continuous with respect to the first
variable and is Lipschitz and continuously Fre´chet differentiable with respect to the second variable;
(iii) there exists a mapping f : X2 → Z with the diagonal g which is continuous with respect to the first
variable and pointwise Lipschitz with respect to the second variable at every point of the diagonal ∆ = {(x, x) :
x ∈ X}.
Proof. (i) ⇒ (ii). Let (gn)∞n=1 be a sequence of continuous mappings gn : X → Z which pointwise stably
converges to g. Let G0 = F0 = X
2 and
Hn = {(x, y) ∈ X
2 : |gn(x) − gn(y)|Z <
1
n
, |gn+1(x)− gn+1(y)|Z <
1
n
}
for every n ∈ N. By Lemma 6.1 there exist a sequence (Gn)∞n=1 of open on X
2 sets Gn and a sequence (ϕn)
∞
n=1
of jointly continuous, Lipschitz and (continuously) differentiable with respect to the second variable functions
ϕn : X
2 → [0, 1] which satisfy conditions (1) and (2) of Lemma 6.1. For every n ∈ N let Fn = Gn+1. According
to Theorem 3.1 the mapping f : X2 → Z defined by (3.1), where λ(x, y, t) = (1 − t)x + ty, is separately
continuous.
Remark that ϕn(x, y)ϕn+1(x, y) = ϕn+1(x, y) for every n ∈ N, therefore for the normed space Y condi-
tion (3.2) is of the following form:
f(x, y) = (1− ϕn(x, y))gn(x) + ϕn(x, y)gn+1(x)−
−ϕn+1(x, y)gn+1(x) + ϕn+1(x, y)gn+2(x)(6.1)
for all (x, y) ∈ Fn−1 \ Fn+1.
Now it follows from the properties of functions ϕn that f is (continuously) Fre´chet differentiable and Lipschitz
with respect to the second variable on the open set G0 \ F1 = F0 \ F1 and on every open set Gn \ Fn+1, n ∈ N.
Hence, f is (continuously) Fre´chet differentiable and Lipschitz with respect to the second variable on the open
set X2 \ E, where E =
∞⋂
n=1
Gn (the and Lipschitz property can be obtained by Proposition 5.3).
Fix (x0, y0) ∈ E and choose a number n0 ∈ N such that gn(x0) = g(x0) for all n > n0. Then f(x0, y) = g(x0)
for al y ∈ {x ∈ X : (x0, x) ∈ Gn0+1}. Therefore, f is (continuously) Fre´chet differentiable with respect to the
second variable at (x0, y0). Moreover f
x0 is Lipschitz by Proposition 5.3.
The implication (ii)⇒ (iii) is obvious.
(iii)⇒ (i). By Corollary 4.3, g is σ-continuous. Since by Dugundji theorem normed space Z is an absolute
extensor for X , g ∈ Bd1 (X,Z) by [3, Theorem 6.3]. 
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Question 6.3. Let X, Z be normed spaces and g ∈ Bd1 (X,Z). Does there exist a mapping f : X
2 → Z with
the diagonal g which is continuous with respect to the first variable and is Lipschitz and continuously Fre´chet
differentiable with respect to the second one?
Question 6.4. Let X,Z be normed spaces and f : X2 → Z a mapping which is continuous with respect to the
first variable and (weakly) Gaˆteaux differentiable with respect to the second one. Does the mapping g : X → Z,
g(x) = f(x, x), belong to the first stable Baire class?
References
[1] Baire R. Sur les fonctions de variables ree´lles, Ann. Mat. Pura Appl., 3 (3) (1899), 1–123.
[2] Banakh T. (Metrically) Quater-stratifable spaces and their applications in the theory of separately continuous functions, Mat.
Stud. 18 (1) (2002), 10–18.
[3] Banakh T., Bokalo B. On scatteredly continuous maps between topological spaces, Top. Appl. 157 (1) (2010), 108–122.
[4] Banakh T., Kutsak S., Maslyuchenko O., Maslyuchenko V. Direct and inverse problems of the Baire classification of integrals
dependent on a parameter, Ukr. Math. J., 56:11 (2004), 1443–1457 (in Ukrainian).
[5] Burke M. Borel measurability of separately continuous functions, Top. Appl. 129 (1) (2003), 29–65.
[6] Hahn H. Theorie der reellen Funktionen 1, Berlin: Verlag von Julius Springer (1921).
[7] Herasymchuk V., Maslyuchenko V., Mykhaylyuk V. Varieties of Lipschitz condition and discontinuity point sets of separately
differentiable functions, Bull. of Chernivtsi National University. Mathematics, 134 (2002), 22–29 (in Ukrainian).
[8] Karlova O. Separately continuous σ-discrete mappings, Bull. of Chernivtsi National University. Mathematics, 314-315 (2006),
77–79 (in Ukrainian).
[9] Lebesque H. Sur l’approximation des fonctions, Bull. Sci. Math. 22 (1898), 278–287.
[10] Lebesque H. Sur les fonctions respresentables analytiquement, Journ. de Math. 2 (1) (1905), 139–216.
[11] Maslyuchenko V., Mykhaylyuk V., Sobchuk O. Construction of a separately continuous function of n variables with the given
diagonal, Math. Stud. 12 (1) (1999), 101–107 (in Ukrainian).
[12] Maslyuchenko O.V., Maslyuchenko V.K., Mykhaylyuk V.V., Sobchuk O.V. Paracompactness and separately continuous map-
pings, General Topology in Banach spaces, Nova Sci. Publ., Nantintong - New-York. (2001), 147–169.
[13] Moran W. Separate continuity and support of measures, J. London. Math. Soc. 44 (1969), 320–324.
[14] Mykhaylyuk V. Construction of separately continuous functions of n variables with the given resriction, Ukr. Math. Bull. 3
(3) (2006), 374–381 (in Ukrainian).
[15] Rudin W. Lebesgue’s first theorem, Math. Analysis and Applications, Part B. Adv. in Math. Supplem. Studies, 7B (1981),
741–747.
[16] Vera G. Baire measurability of separately continuous functions, Quart. J. Math. Oxford. 39(153) (1988), 109–116.
